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Abstract—The paper presents a novel algorithm for calculating
the non-convex and convex hull of a finite set of points in
two dimensional Euclidean space. The results are tested and
evaluated considering applicability in the problems related
to the agriculture. The possibilities of the parallelization and
improvements are discussed.
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I. INTRODUCTION

In mathematics and computational geometry the convex hull
belongs to important elements applied for calculation in e.g.
different shape analysis problems. The convex hull of a set
of points can be defined as the smallest convex set in the
Euclidean space that contains all the points and the boundary
of it is always a convex curve. A particular case is related to
two dimensional analyses in which the boundary of convex
hull consist of vertices and edges forming a convex polygon.
Complex problems such as half space intersection, Delaunay
triangulation, Voronoi diagrams, and power diagrams can be
reduced to the convex hull [1] [2] [3]. Solving the problem of
the convex hull is like sorting, easy to formulate and visualize
[4].

For certain cases the convex hull does not represent well
the boundaries of a given set of points, especially if the
size of the area is in the focus of the analysis. Under such
circumstances the non-convex (concave) polygon provides
more accurate information. Important characteristics of a non-
convex polygons are that at least one interior angle is reflex
(between 180◦ and 360◦ and the sum of the internal angles of a
non-convex polygon is equal to π(n−2) radians, equivalently
180◦(n − 2), where n is the number of edges. Thus, some
lines connecting interior points of a concave polygon intersect
its boundary at more than two points (see figure 1).

There exists only one convex hull, but many characteristic
shapes for a finite set of points. It is difficult to define which
characteristic shape is the optimal one, because it strongly
depends on the restrictions and goals of the related problem.
Sometimes the characteristic shape needs to be calculated on
an unevenly distributed set of points which can be better char-
acterized by multiple polygons enclosing disconnected regions
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Fig. 1. Non-convex and convex hull of the set of points with coordinats X=[-8
-2 9 6 -1 -7 -9 -6 -8] Y=[-9 -6 -8 1 5 4 5 -5 -9]

of space (e.g. holes, islands, or mathematical characters such
as ”=”). These types of complex shapes are not considered in
this paper.

A. Algorithms and speed of convergence

Using the search for ”convex hull” on google scholar
242,000 entries can be found starting with the ”An efficient
algorithm for determining the convex hull of a finite planar set”
written by Graham in 1972 [1] and ”On the identification of
the convex hull of a finite set of points in the plane” written by
Jarvis in 1973 [5]. Usually, the Gift-Wrapping, the quickhull,
devide and conquer, monotone chain, incremental convex hull,
chain algorithms and Graham scan are used. For finding the
non-convex geometry (characteristic shape) of the set of points
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the α-shape [4] or decomposition methods such as [6] are
used. The algorithms can be classified as deterministic, on-
line, randomized and approximation algorithms [7].

The efficiency of algorithms can be described by a special
mathematical notation - the O-notation. The O-Notation was
introduced by Paul Bachmann (1837-1920) in 1894 in his work
”Analytische Zahlentheorie” [8]. The O notation is related to
comparison of algorithms on a higher level of abstraction,
while features such as implementation details, programming
language, type of the compiler, and used hardware do not af-
fect the results. The necessary ”tangible” steps for a particular
input length n are no longer described as necessary times.
Bearing in mind the task to solve the problem on a PC or
embedded computer in this paper the algorithm efficiency is
measured based on the algorithms execution time.

B. Applied application in agriculture

Definitions of weed patches within weed distribution maps
can be done [9]. Early detection and mapping of weeds allow
selective management (e.g. instead of blanket application of
herbicides patch spraying can be used) [10] [11] [12]. Due to
the heterogeneous distribution of weeds, maps with discrete
sampling datasets for decision support for target oriented
pesticide application are used. Gerhards reported about stable
spatial pattern of weed patches in location and size for all
broadleaf weed species [13]. An optimal pasture maintenance
comprise several field operations which can be selectively car-
ried out by agricultural robots, if detection of areas of interest
such as areas without vegetation, areas on which fertiliser
needs to be spread, leftovers after grazing or cowpats are
localised successfully [14], [15]. In the navigation problems
based on the machine vision, the obstacles or objects can be
simplified by reducing them to their convex hulls [7].

II. MATERIAL AND METHODS

The particular shape of the set of points cannot be ex-
plicitly defined. Whether a particular shape is a better or
worse presentation of the characteristic shape is a matter for
human cognition. Thus the used algorithms must rely on at
least one parameter in order to be able to generate a set
of characteristic shapes and compare them. In the presented
work the introduced parameters are the number of strips in
X-direction and number of strips in Y-direction (k, l).

Bearing in mind the problems related to the agriculture
described above, in this paper an approximation algorithm
is introduced, because certain number of outliers during the
calculation of the convex hull or characterisitc shape will not
implicitly induce an error considering the trajectory planning.
This statement can be justified by considering the methodology
used for data acquisition and analysis of the objects of interest
as well as the fact that the final shape is usually smooth,
without narrow edges.

A conservative algorithm is presented in which the two
dimensional Euclidian space is split to k, l strips between
the xmin xmax and ymin ymax respectively. The novelty is

the definition of the stripes in both X and Y directions and the
sizing of the strips. The strips are in the first algorithm defined
as equally-spaced and in the second depending on the number
of points within each stripe (equal number of points in each
stripe). Finally the calculated non-convex hull is compared
with the convex hull.

A L G O R I T H M 1: Non-convex and convex hull by combining the
[xmin xmax ymin ymax] for equally-spaced stripes

Data: Set of points in two dimensional Euclidian space
Parameters:
k-number of strips in X-direction
l-number of strips in Y-direction
dx-boundaries (limits) of the area X-direction
dy-boundaries (limits) of the area Y-direction

1: SortXY - quicksort the points (X-direction)
2: SortYX - quicksort the points (Y-direction)
3: Define k equally spaced subsets of the SortXY
4: Find max and min in each subset and if found store to MinMaxX
5: Define l equally spaced subsets of the SortYX
6: Find max and min in each subset and if found store to MinMaxY
7: Create polygon in anticlockwise direction using MinMaxX and MinMaxY
8: Check for outliers - values outside the limits. For appropriately defined k,

l and sets with uniform distribution the subsets are not empty) (optional)
9: Check for double entries of polygon vertices

10: Sensitivity check: find and remove to narrow elements (optional)
11: Calculate area of the non-convex polygon (optional)
12: Calculate convex polygon by removing vertices from the non-convex

polygon
13: Calculate area of the convex polygon (optional)
14: Compare the non-convex polygon and convex polygon based on the area

sizes (optional)
15: Calculate center of gravity of non-convex and convex polygon for further

calculations (optional)
16: Measure the elapsed time if diff =0

A L G O R I T H M 2: Non-convex and convex hull by combining the
[xmin xmax ymin ymax] for equal number of points in each stripe

Data: Set of points in two dimensional Euclidian space
Parameters: k, l
k-number of strips in X-direction
l-number of strips in Y-direction
dx-boundaries (limits) of the area X-direction
dy-boundaries (limits) of the area Y-direction

1: SortXY - quicksort the points (X-direction)
2: SortYX - quicksort the points (Y-direction)
3: Define k subsets of the SortXY with equal number of points in each subset
4: Find max and min and store to MinMaxX
5: Define l subsets of the SortYX with equal number of points in each subset
6: Find max and min and store to MinMaxY
7: Create polygon in anticlockwise direction using MinMaxX and MinMaxY
8: Check double entries of polygon vertices
9: Sensitivity check: find and remove to narrow elements (optional)

10: Calculate area of the non-convex polygon (optional)
11: Calculate convex polygon by removing vertices from the non-convex

polygon
12: Calculate area of the convex polygon (optional)
13: Compare the non-convex polygon and convex polygon based on the area

sizes (optional)
14: Calculate center of gravity of non-convex and convex polygon (optional)
15: Measure the elapsed time if diff =0
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Fig. 2. Non-convex hull on a set of 50 randomly distributed points calculated
using approximation algorithm by calculating xmin xmax ([a] and [b]) and
ymin ymax ([c] and [d]) for five equally spaced ([a] and [c]) stripes or rather
stripes with continuous distribution in each stripe ([b] and [d]). The stripes in
the figure are indicated with differenly colored points (# and  )
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Fig. 3. Non-convex hull on a set of 50 randomly distributed points (same
set as in Fig2) calculated using approximation algorithm by combining the
([a]) xmin xmax ([Fig2 a]) and ymin ymax ([Fig2 c]) for five equally spaced
stripes; and ([b]) xmin xmax ([Fig2 b]) and ymin ymax ([Fig2 d]) for stripes
with continuous distribution in each stripe

A. Parallelisation

By defining the subsets on which the search algorithm needs
to be carried out, the parallelization is straightforward (see
Step 4 and Step 6 in Algorithm1 and Algorithm2). In this
paper the results related to paralelization are not presented
because the calculation was carried out on the PC (Intel Core
i3-4130 CPU @ 3.40GHz and 8GB RAM) with Windows 7
(64bit) and Scilab 5.5.2.

The sets of points for algorithm testing were dis-
tributed randomly, but using normal and uniform distribution
(rand(’normal’) or rand(’uniform’)) [16]. Systematic compar-
ison of the algorithms based on the execution speed, area
difference in relation to the calculated convex hull and number
of errors considering outliers and crossed segments has been
carried out.

III. RESULTS

The empirical properties of the algorithms are presented
considering the effects of points density, distribution and
parameters of the algorithm (see figure 2 and figure 3). In
the Figure 2 the steps of the aproximation algorithms for
calculating the vertices for the X and Y stripes are presented
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Fig. 4. Non-convex hull on a set of 50 randomly distributed points (same
set as in Figure 2 and Figure 3) calculated using approximation algorithm by
combining the ([a]) xmin xmax ([Fig2 a]) and ymin ymax ([Fig2 c]) for 3, 4,
5, 6 equally-spaced stripes; and ([b]) xmin xmax ([Fig2 b]) and ymin ymax
([Fig2 d]) 3, 4, 5, 6 stripes with continuous distribution in each stripe

graphically. The combination of the calculated vertices for
both X and Y stripes is shown in the figure 3. A graphycal
comparison of the calculated vertices for different number of
stripes for the X and Y (in this case equal number of stripes
is chosen) is presented in figure 4. The algorithm testing in
which 50 sets of random points were used to check the number
of outliers, errors considering self-intersecting polygons, the
speed of the algorithm and the area difference in relation to
the calculated convex algorithm are ilustrated in table I and
table II.

IV. DISCUSION

Duckham at al. discussed the problem of removing of
outliers (see figure 5) using data homogenization based on
two parameters defining the neighborhood between the points
in the input set. Furthermore, they remark to a wide range of
algorithms that use spatial clustering providing independent
manipulation of different components of the disconnected
shape. Using the algorithm presented in this paper the problem

TABLE I
ANALISYSY OF THE ALGORITHM1 FOR CONVEX AND NON-CONVEX HULL
ON A SET OF 50 RANDOMLY (’NORMAL’) DISTRIBUTED POINTS FOR 3,4,5

AND 6 EQUALLY SPACED STRIPES

Stripes
Number of repetitions

Execution speed [s] Area diff %
<0.0001 <0.1 <0.2 <0.5 1

3 14 35 1 0 0 up to 22
4 4 46 0 0 0 up to 22
5 1 49 0 0 0 up to 30
6 0 50 0 0 0 up to 38

Stripes Outliers Self intersecting0 1-2 3-4 5-6 7-
3 8 21 12 7 1 1
4 7 21 12 5 1 4
5 6 23 10 1 0 10
6 7 18 3 1 1 20

TABLE II
ANALISYSY OF THE ALGORITHM2 (EQUAL NUMBER OF POINTS IN THE

STRIPES) FOR CONVEX AND NON-CONVEX HULL ON A SET OF 50
RANDOMLY (’NORMAL’) DISTRIBUTED POINTS FOR 3,4,5 AND 6 STRIPES

Stripes
Number of repetitions

Execution speed [s] Area diff %
<0.0001 <0.02 <0.05 <0.1 0.2

3 40 4 5 1 0 up to 30
4 32 17 1 0 0 up to 25
5 26 23 1 0 0 up to 29
6 24 25 1 0 0 up to 39

Stripes Outliers Self intersecting0 1-2 3-4 5-6 7-
3 4 22 17 6 1 0
4 12 23 12 2 0 1
5 12 22 11 1 1 3
6 7 18 8 4 0 13

of outlier becomes acceptable if the number of strips is
adequately defined (see figure 6).

Another problem, considering the polygons with self inter-
secting needs to be realized. This type of artifacts can appear
if the number of equally spaced stripes is not optimal. Figure 7
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Number of points: 50     Test: 36     Stripe type:XYequal     Number of stripes: 3     Time: 0.0312002     Area: 71856162     Areac: 72372080

Fig. 5. Convex and non-convex hull on a set of 50 randomly distributed
points calculated for three equally spaced stripes. Problem with outliers for
wrong defined number of strips
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Number of points: 50     Test: 36     Stripe type:XYequal     Number of stripes: 6     Time: 0.0312002     Area: 55417046     Areac: 74433822

Fig. 6. Convex and non-convex hull on a set of 50 randomly distributed
points (same dataset as in figure 5) calculated for six equally spaced stripes.
Problem with outliers is smaller if the number of strips is adequatly defined

and 8 gives an example of suboptimal and optimal definition
of the number of stripes on the same set of points.
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Number of points: 50     Test: 33     Stripe type:XYequal     Number of stripes: 5     Time: 0.0312002     Area: 53118066     Areac: 74570581

Fig. 7. Convex and non-convex hull on a set of 50 randomly distributed
points calculated for five equally spaced stripes. Problem with self-intersecting
polygon for wrong defined number of strips

It could be interesting to measure the algorithm speed
considering sets with higher number of points, testing the
difference if the steps of sorting and assigning of the points
to a particular strip are parallelized.

V. CONCLUSIONS

In this paper a new algorithm for approximating the non-
convex and convex hull of a set of random points in the
two dimensional Euclidean space serving as a background
for further calculation of problems related to agriculture is
presented. The algorithm allows parallelization and thus it can
be implemented on multicore PC and embedded computers if
fast results are required. Changing the number of the sub-
sets a characteristic shape of the set of points can be created.
The area of the characteristic shape is chosen as one of the
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Number of points: 50     Test: 33     Stripe type:XYequal     Number of stripes: 6     Time: 0.0468003     Area: 61088810     Areac: 74939841

Fig. 8. Fig. 8. Convex and non-convex hull on a set of 50 randomly distributed
points (same dataset as in figure 5) calculated for six equally spaced stripes.
There is no problem with self-intersecting polygon if the number of strips is
adeqately defined

parameters describing the created characteristic shape and its
relation to the convex hull. There is no explicit definition of
the optimal solution because the characteristic shape depends
on the restrictions and goals of the particular problem which
needs to be solved. The less homogeneous distribution shows
clear advantages of the algorithm with classification based on
continuous distribution (equal number of points) in each stripe.
Due to its simplicity the algorithm can be extended to higher
dimensions.

VI. FURTHER WORK

The results showed that the presented method can be used
for finding the non-convex and convex hull (polygon) of the
random set of points in the two dimensional Euclidean space.
The use of shapelet transformation can possibly help to define
the optimal (not to narrow) shape of the non-convex hulls, in
order to define the optimal trajectories of the robots consider-
ing the maintenance tasks in the advanced pasture management
as described by Cariou et al. [15]. Furthermore, the algorithm
can be enhanced through the automated detection of the outlier
and an analysis of the effects considering the robot trajectories.
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